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On convergence of basic hypergeometric series
Toshio OSHIMA
Abstract. We examine the convergence of q-hypergeometric series
when |q| = 1. We give a condition so that the radius of the convergence
is positive and get the radius. We also show that the numbers q with the
positive radius of the convergence are densely distributed in the unit circle of
the complex plane of q and so are those with the radius 0. First we give an
elementary proof of this result and then an extended result.
1. Introduction
Basic hypergeometric series (cf. [5]) with a base q is defined by
rϕs
[
a1, a2, . . . , ar
b1, . . . , bs
; q, z
]
=
∞∑
n=0
(a1; q)n(a2; q)n · · · (ar; q)n
(q; q)n(b1; q)n · · · (bs; q)n
(
(−1)nq n(n−1)2 )s+1−rzn, (1)
where
(a; q)n =
n∏
j=1
(1− aqj−1)
is the q-Pochhammer symbol. Here a1, . . . , ar, b1, . . . , bs and q are complex
parameters. In this paper we always assume
aiq
n ̸= 1 and bjqn ̸= 1 (i = 1, . . . , r, j = 1, . . . , s, n = 0, 1, 2, . . .) (2)
so that the factors (ai; q)n and (bj ; q)n in the terms of the series are never zero.
Let vn be the terms of the series rϕs which contain z
n. Then we have
vn+1
vn
=
(1− a1qn)(1− a2qn) · · · (1− arqn)
(1− qn+1)(1− b1qn) · · · (1− bsqn) (−q
n)s+1−rz
=
(a1 − q−n)(a2 − q−n) · · · (ar − q−n)
(1− q−n−1)(b1 − q−n) · · · (bs − q−n)
z
q
.
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If 0 < |q| < 1, the radius of convergence of the series rϕs equals ∞ if r ≤ s and
equals 1 if r = s+ 1. If |q| > 1 and
a1 · · · arb1 · · · bs ̸= 0, (3)
the radius of convergence of the series equals
|b1b2 · · · bsq|
|a1a2 · · · ar| . (4)
In this paper we discuss the convergence of the series when |q| = 1. The
convergence of 2ϕ1 is assumed in [6] but it is a subtle problem depending on the
base
q = e2piiθ. (5)
We assume that θ is not a rational number, namely, θ ∈ R \Q so that (q; q)n never
vanish and we have the following theorem.
Theorem 1.1. Retain the notation above and assume the conditions (2) and
(3).
i) Assume that there exists a positive number C such that����θ − km
���� > Cm2 (∀k ∈ Z, m = 1, 2, 3, . . .). (6)
Then we have
lim
n→∞
n
√��(e2piiθ; e2piiθ)
n
�� = 1. (7)
Suppose moreover that every parameter ai or bj has an absolute value diﬀerent
from 1 or equals e2piiαqβ with suitable rational numbers α and β which may depend
on ai and bj. Then the radius of convergence of the series rϕs equals
max{|b1|, 1} · · ·max{|bs|, 1}
max{|a1|, 1} · · ·max{|ar|, 1} . (8)
ii) In general, we have
lim
n→∞
n
√��(e2piiθ; e2piiθ)n�� ≤ 1 (∀θ ∈ R \Q). (9)
The set of irrational real numbers θ satisfying
lim
n→∞
n
√��(e2piiθ; e2piiθ)n�� = 0 (10)
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is dense in R and uncountable. If θ satisfies (10) and the absolute value of any
parameter ai or bj is not 1, the radius of convergence of the series rϕs equals 0.
Note that it is known that an irrational number θ satisfies the assumption in
Theorem 1.1 i) if and only if the positive integers appearing in its expansion of
continued fraction are bounded and hence the set of real numbers θ satisfying it is
uncountable and dense in R.
Suppose θ ∈ R \Q satisfies the assumption in Theorem 1.1 i). Then���� k1m1 θ − k2m2 − km
���� = ���� k1m1
���� · ����θ − m1(k2m+ km2)k1m2m
���� > C|k1m1|m22 ·m2 (11)
for integers k, k1, k2,m,m1,m2 with k1mm1m2 ̸= 0 and therefore the number r1θ+
r2 with r1 ∈ Q \ {0} and r2 ∈ Q also satisfies the assumption.
Example 1.2. The estimate���√2− k
m
��� > 1
3m2
(∀k ∈ Z, m = 1, 2, 3, . . .) (12)
shows that the real number θ =
√
2 + r with r ∈ Q satisfies the assumption in
Theorem 1.1 i).
We will prove (12). We assume the existence of integers k and m satisfying
m ≥ 1 and |√2− km | ≤ 13m2 . Then we may moreover assume m ≥ 2 and therefore
1 ≤ ��2m2 − k2�� = ��(√2m− k)(√2m+ k)��
=
����m2(√2− km)
���� · ����2√2− (√2− km)
����
≤ 1
3
(
2
√
2 +
1
3m2
)
≤ 2
√
2
3
+
1
9 · 4 = 0.9705 · · · < 1,
which leads a contradiction.
We will show Theorem 1.1 i) in §4 and Theorem 1.1 ii) in §5.
2. Preliminary results
First we review the following theorem which claims that kθ mod Z for k =
1, 2, . . . are uniformly distributed on R/Z.
Theorem 2.1 (Bohl, Sierpin´ski and Weyl). Let f(x) be a periodic func-
tion on R with period 1. If f(x) is Riemann integrable in [0, 1] , then
lim
n→∞
1
n
n∑
k=1
f(kθ) =
∫ 1
0
f(x) dx (13)
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for any θ ∈ R \Q.
This theorem is proved by approximating f(x) by a finite Fourier series since
the theorem is directly proved if f(x) is a finite Fourier series with the fact
n∑
k=1
e2piimkθ
n
=
e2piimθ
n
(
1− e2piimnθ
1− e2piimθ
)
n→∞−−−−→ 0 (m ∈ Z \ {0}).
We also prepare the following integral formula.∫ 1
0
log
��1− re2piix�� dx = {0 (0 ≤ r ≤ 1),
log r (r ≥ 1). (14)
The series − log(1−z)z = 1 + z2 + z
2
3 + · · · converges when |z| < 1 and therefore
0 =
∫
|z|=r
log(1− z)
z
dz = 2pii
∫ 1
0
log(1− re2piix) dx (0 ≤ r < 1, z = re2piix)
by Cauchy’s integral formula. Since
Re
∫ 1
0
log(1− re2piix) dx =
∫ 1
0
Re log(1− re2piix) dx =
∫ 1
0
log |1− re2piix| dx,
we have (14) when 0 ≤ r < 1. Moreover the relation
log |1− re2piix| = log r + log |r−1 − e2piix| = log r + log |1− r−1e2piix|
assures (14) when r > 1.
Note that the expansion eσ − 1 = σ(1 + σ2! + σ
2
3! + · · · ) assures |1 − eσ| ≥ |σ|2
when |σ| < 1. Hence if r = 1, the improper integral (14) converges because��log |1− e2piiz|�� < ��log |piz|�� for 0 < |2piz| < 1 (15)
and we obtain (14) by taking the limit r → 1− 0 (cf. [1, 5.3.5]).
3. A lemma
We prepare a lemma to prove Theorem 1.1 i).
Lemma 3.1. Let θ ∈ R\Q and f(x) be a periodic function on R with period 1.
Suppose that f(x) is continuous in [0, 1] except for finite points c1, . . . , cp ∈ [0, 1).
Suppose there exist rj ∈ Q for j = 1, . . . , p such that
cj − rjθ ∈ Q and kθ − cj ̸∈ Z for k = 1, 2, . . . . (16)
Convergence of Hypergeometric Series 219
Suppose moreover that there exist a positive number ϵ and a continuous function
h(t) on (0, 1] such that
|f(x)| < h(|x− cj |) for 0 < |x− cj | < ϵ,∫ 1
0
h(t) dt <∞ and h(t1) ≥ h(t2) ≥ 0 if 0 < t1 < t2 ≤ 1.
(17)
If θ ∈ R\Q satisfies the assumption in Theorem 1.1 i), then (13) is valid. Here we
note that the condition (17) assures that the improper integral in (13) converges.
Proof. Put
J(j, n, ϵ) =
{
k | 1 ≤ k ≤ n, min
m∈Z
|kθ − cj −m| < ϵ
}
and
Iϵ =
{
x ∈ [0, 1] | min
m∈Z
|x− cj −m| ≥ ϵ for j = 1, . . . , p
}
.
Then Theorem 2.1 shows
lim
n→∞
1
n
∑
k ̸∈J(1,n,ϵ)∪···∪J(p,n,ϵ)
1≤k≤n
f(kθ) =
∫
Iϵ
f(x) dx
and therefore we have only to show
lim
ϵ→+0
lim
n→∞
1
n
∑
k∈J(j,n,ϵ)
|f(kθ)| = 0 (18)
to get this lemma.
Fix j. Since Theorem 2.1 shows
lim
n→∞
1
n
#J(j, n, ϵ) = 2ϵ,
there exists a positive integer Nϵ such that
#J(j, n, ϵ) ≤ 3ϵn (∀n ≥ Nϵ).
Put
J(j, n, ϵ) = {k1, k2, . . . , kL}
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with L = #J(j, ϵ, n) so that
min
m∈Z
|kνθ − cj −m| ≤ min
m∈Z
|kν′θ − cj −m| if 1 ≤ ν < ν′ ≤ L.
Note that cj =
k1
m1
θ+ k2m2 with integers k1, k2,m1,m2. In view of (11), we have����kθ − k1m1 θ − k2m2 −m
���� = ����m1k − k1m1 θ − k2 +mm2m2
���� > Cm1m22|m1k − k1|
for k = 1, 2, 3, . . . satisfying m1k ̸= k1. If k1m1 is a positive integer, the assumption
implies k2m2 ̸∈ Z. Hence replacing C by a small positive number if necessary, we
may assume
min
m∈Z
|kθ − cj −m| > C
k
(k = 1, 2, . . . , j = 0, 1, . . . , p),
where we put c0 = 0. In particular, we have
min
m∈Z
|kθ − k′θ −m| > C
k′ − k ≥
C
n
(0 ≤ k < k′ ≤ n).
Thus we have
min
m∈Z
|kνθ − cj −m| > Cν
2n
(1 ≤ ν ≤ L)
and
|f(kνθ)| < h
(
Cν
2n
)
(1 ≤ ν ≤ L < 3ϵn).
Hence if n ≥ Nϵ, we have
1
n
∑
k∈J(j,n,ϵ)
|f(kθ)| = 1
n
L∑
ν=1
|f(kνθ)| ≤ 1
n
[3ϵn]∑
ν=1
h(Cν2n )
≤
∫ [3ϵn]
n
0
h
(
Cx
2
)
dx ≤ 2
C
∫ 3ϵC
2
0
h(t) dt,
which implies (18). Here [3ϵn] denotes the largest integer satisfying [3ϵn] ≤ 3ϵn. □
4. Estimate I
Let a = re2πiτ and q = e2πiθ with τ, θ ∈ R and r > 0. Then
n
√��(a; q)n�� = exp( 1
n
n−1∑
k=0
log
��1− re2πi(kθ+τ)��) . (19)
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If r ̸= 1, Theorem 2.1 and (14) imply
lim
n→∞
n
√��(a; q)n�� = max{|a|, 1} (|a| ̸= 1, q = e2πiθ with θ ∈ R \Q). (20)
Assume r = 1. Since∑
minm∈Z |kθ−m|<ϵ
1≤k≤n
log
��1− e2πikθ�� ≤ 0
and
lim
n→∞
1
n
∑
minm∈Z |kθ−m|≥ϵ
1≤k≤n
log
��1− e2πikθ�� = ∫ 1−ϵ
ϵ
log |1− e2πix| dx
for any small positive number ϵ, we have (9) in view of (14) and (19).
Now assume moreover that θ satisfies the assumption in Theorem 1.1 i). Then
Lemma 3.1 with f(x) = log |1− e2πix| and h(t) = | log πt | (cf. (15)) proves (7).
Suppose τ = k1m1 θ +
k2
m2
with integers k1, k2,m1,m2 with m1 > 0, m2 > 0 and(
k1
m1
+ k − 1
)
θ +
k2
m2
/∈ Z (k = 1, 2, 3, . . .)
corresponding to (2), (3) and (16). Lemma 3.1 with f(x) = log
��1 − e2πi(x−c1)��,
h(t) = | log πt |, p = 1 and c1 = −( k1m1 − 1)θ − k2m2 implies
lim
n→∞
n
√��(e2πiτ ; e2πiθ)
n
�� = 1. (21)
Thus we have Theorem 1.1 i) by the estimates (20), (7) and (21).
5. Estimate II
Define a series of rapidly increasing positive integers {an} by
a1 = 2, an+1 = kn+1 · an · an! (kn+1 = 2 or 3, n = 1, 2, 3, . . .) (22)
and put θ =
∞∑
n=1
1
an
and q = e2πiθ. Then θ ̸∈ Q and we have
min
m∈Z
��an · θ −m�� ≤ ∞∑
k=n+1
an
ak
<
1
an!
, (23)
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��1− e2piianθ�� ≤ 2π
an!
,
an∏
j=1
��1− qj�� ≤ 2anπ
an!
, lim
n→∞
an
���� an∏
j=1
��1− qj�� = 0
and (10) in Theorem 1.1 ii). We may choose kn ∈ {2, 3} for n = 1, 2, . . ., we get
uncountably many θ’s. Moreover if we put θ =
∑∞
n=1
1
an
+ r so that there exists
a positive integer N satisfying rN ∈ Z, then θ also satisfies (23) for n ≥ N and
hence θ satisfies (10).
The remaining claim in Theorem 1.1 ii) is clear from (20).
6. An extended result
We have proved the following statement for the series rϕs given by (1):
There exist a dense subset J ⊂ R and a dense subset Kθ ⊂ R for
θ ∈ J such that for any θ ∈ J and αi, βj ∈ (C \ R) ∪ Kθ, the radius
of convergence of the series rϕs with q = e
2pi
√−1θ, ai = e2pi
√−1αi and
bj = e
2pi
√−1βj equals the number given by (8).
Here we have the following theorem.
Theorem 6.1. We can choose µ(R \ J) = 0 and µ(R \Kθ) = 0 in the above.
Here µ(L) denotes the Lebesgue measure of a subset L of R.
Let f(x) be a periodic function with period 1 and suppose that f(x) defines L1
function on [0, 1]. Then Khinchin [3] proves that if θ is irrational, the equality
lim
n→∞
1
n
n∑
k=1
f(kθ + β) =
∫ 1
0
f(x)dx (24)
is valid for almost all β. Hence it is an interesting problem to find conditions for
the identity (24) to hold if
∫ 1
0
f(x)dx exists only as an improper Riemann integral.
First results to this problem are as follows.
Giving a beautiful algebraic identity between
∞∑
n=0
xn
sinπθ · sin 2πθ · · · sinnπθ and
∞∑
n=1
xn
sinnθ
, Hardy-Littlewood [4] proves that if
∫ 1
0
f(x)
��log2 x+ log2(1− x)�� dx <∞,
the identity (13) is valid for almost all θ, in particular, for θ with bounded continued
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fraction expansions. Note that the arguments in §2–4 and the above results assure
Theorem 6.1.
There has been several results related to the identity (24). In particular Baxa
[2] proves that the identity (24) is valid if and only if
lim
k→∞
f(kθ + β)
n
= 0
under the condition:
The number θ has either a bounded fraction expansion or β is rational
or
lim
k→∞
min
m∈Z
|βqk −m| > 0
where qk denotes the denominator of the k-th convergent of the contin-
ued fraction expansion of θ.
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